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1. INTRODUCTION
In this paper we introduce q2-analogue differential operators adapted to
study certain q2-analogue functions investigated by T. H. Koornwinder and
R. F. Swarttouw. We shall consider the q2-analogue trigonometric func-
w xtions introduced in 10 ,
cos z ; q2 s f 0; q ; q2 , q2 z 2 1 . .  .1 1
k kkq1. 2 k` y1 q z .
s 2 . q ; q . 2 kks0
q2 ; q2 .` 1r2 2s z J z ; q 3 . .y1r22q ; q .`
and
z
2 3 2 2 2sin z ; q s f 0; q ; q , q z 4 . .  .1 11 y q
k kkq1. 2 kq1` y1 q z .
s 5 . q ; q . 2 kq1ks0
q2 ; q2 .` 1r2 2s z J z ; q , 6 . .1r22q ; q .`
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2 w xusing the q -analogue Bessel function introduced by H. Exton 2 , and
w xW. Hahn 5 ,
q2 aq2 ; q2 .`2 a 2 aq2 2 2 2J z ; q s z f 0; q ; q , q z . 7 . .  .a 1 12 2q ; q .`
w xHere we are using the basic notational conventions of 10, 4 . In
 . ky1 j.  .particular, let 0 - q - 1, define a; q s  1 y aq , k g Z, a; qk js0 0
 .  .s 1, a; q s lim a; q , and` k ª` k
k kky1.r2 k` y1 q z .
f 0; b; q , z s . 8 .  .1 1 b; q q ; q .  .k kks0
  .f 0; b; q; z defines an entire analytic function in z provided b is1 1
 y1 y2 4 .outside the set 1, q , q , . . . .
 2 .  2 .  2 .A key property of J z; q , cos z; q , and sin z; q is that they satisfya
 w x. 2appropriate q-analogue orthogonality relations cf. 10 . In fact, the q -
analogue Bessel functions and closely related variants have received much
attention because of their importance in the study of q-analogues of
representations of the Group of Plane Motions and of the Quantum
Group of Plane Motions, q-differential equations, and other topics. In
Æaddition to the work already cited, see, e.g., Vaksman and Korogodskii
w x w x w x12 , Kalnins, Miller, and Mukherjee 6 , Koelink and Swarttouw 8 ,
w x w xKoelink 7 , and Swarttouw and Meijer 11 .
 2 .  2 .However, the fact that cos z; q and sin z; q have disjoint sets of
eigenvalues with respect to the classical q-differential operator
f z y f qz .  .
D f z s 9 .  .q 1 y q z .
and also with respect to D ( D has limited their consideration andq q
discouraged efforts to construct a q-exponential built from functions
 2 .  2 .defined by cos z; q and sin z; q .
In this paper we consider the operator
f qy1 z q f yqy1 z y f qz q f yqz y 2 f yz .  .  . .  .
D f z s , 10 .  .q y1q y q z .
and its renormalized version
qy1 y q .
­ s D . 11 .q q2
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 . 2We will show that D or ­ is a useful q -analogue of the derivative inq q
that it produces analogues of the standard differential relationships be-
 2 .  2 . 2tween cos z; q and sin z; q . We will define a q -analogue exponential
function in terms of these functions, study some of its properties, and use
it to define and study a q2-analogue Fourier Transform.
To conclude the introduction, we would like to discuss some differences
between D and D . Historically, the relation between q-analogues andq q
the classical hypergeometric functions is based on observations such as
 .  k .. w . xk  . .lim 1 y q r 1 y q s 1rk so that, lim 1 y q z r q; q sq ª 1 q ª 1 k
k  .z rk!. Also see Remark 1 later in this paper. In our context, we have the
limits
lim cos 1 y q z ; q2 s cos z 12 .  .  . .
qª1
lim sin 1 y q z ; q2 s sin z . 13 .  .  . .
qª1
Another classical fact is that if f is differentiable at z,
lim D f z s f 9 z . 14 .  .  .q
qª1
We also have for f differentiable at z,
lim D f z s f 9 z . 15 .  .  .q
qª1
 .  .However, when studying expressions such as 12 and 13 , frequently we
 . 2 .are interested in limits of the form lim T f 1 y q z; q where bothq ª 1 q
the operator and its argument function change with q. Computing the
 .  .classical q-derivative of the functions in 12 and 13 gives
D sin 1 y q z ; q2 s cos 1 y q z : q2 16 .  .  . .  .q
D cos 1 y q z ; q2 s yqsin 1 y q qz ; q2 . 17 .  .  . .  .q
 . 2 .  . Although, lim D sin 1 y q qz; q s cos z and lim D cos 1q ª 1 q q ª 1 q
. 2 .  .y q z; q s ysin z , we see that the eigenvalue relationship between
these functions and D is not analogous to the classical situation forq
0 - q - 1. On the other hand,
2 q
2 2D sin 1 y q z ; q s cos 1 y q z ; q 18 .  .  . .  .q 1 q q
2 q
2 2D cos 1 y q z ; q s y sin 1 y q z ; q 19 .  .  . .  .q 1 q q
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giving the classical limit as q ª 1 and, more importantly, a useful ana-
logue relationship for 0 - q - 1. These relationships will allow us to
define a q2-analogue exponential which exhibits appropriate behavior
under D .q
In addition to studying the interaction of ­ and related operators withq
the q2-analogue trigonometric functions and with a q2-analogue exponen-
tial function and applications, the operator can also be used for other
analogue results. For example, we have a number of ­ -formulas forq
q2-Bessel functions of integer order n which yield classical Bessel function
identities in the appropriate limit. Corresponding formulas in terms of Dq
w xhave been obtained by others, cf. 10, 8, 11 and references found in these
papers.
2. THE OPERATOR ­q
 .  y1 .We use the notation f z s f w z where w represents a complexw
constant. Unless otherwise specified we will always assume that functions f
are defined on sets, S, which are symmetric in the sense that if z g S then
yz g S and "q"1z g S.
In this section n will always be integer-valued.
Our first lemma lists some useful computational properties of D andq
­ , and reflects the sensitivity of these operators to the parity of theirq
arguments.
 .  .   ..  .LEMMA 1. a If f is an odd function, D f z s 2 qr 1 q q D f z .q q
 .  . y1  .  ..a9 If f is an odd function, ­ f z s z f z y f qz .q
 .  .   ..  .b If f is an e¨en function, D f z s 2 qr 1 q q D f z .q q q
 .  . y1  y1 .  ..b9 If f is an e¨en function, ­ f z s z f q z y f z .q
 .  . .  .  .  .  .c If f and g are both e¨en, ­ fg z s f z ­ g z q g z ­ f z .q q q q
 .  . .  .  .  .  .d If f and g are both odd, ­ fg z s f z ­ g z q g z ­ f z .q q q q q q
 .   . ..  .  .e For any complex number a , a ­ f z s ­ f z .q a q a
The verification of these formulas is straightforward and will be left to
the reader.
We consider a context in which the behavior of ­ is very useful. Usingq
2  .  .the q -analogue trigonometric functions defined in 2 and 5 we define a
q2-analogue exponential by
e z ; q2 s cos yiz ; q2 q i sin yiz ; q2 20 . .  .  .
` kkq1. 2 k ` kkq1. 2 kq1q z q z
s q . 21 . q ; q q ; q .  .2 k 2 kq1ks0 ks0
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 2 .e z; q is absolutely convergent for all z in the plane, 0 - q - 1, since
 . 2 .  .both of its component functions are. lim e 1 y q z; q s e z point-q ­1
wise and uniformly on compacta, because both of its component functions
satisfy corresponding limits by the following remark.
 uq1  .2 . Remark 1. u ) y1 « lim f 0; q ; q, 1 y q z s F y; u q 1;1 1 0 1
q­1
.yz , uniformly in z in compact subsets of the plane.
 .Here F denotes the generalized hypergeometric series. The remark0 1
w xis proved in 10, p. 459 .
The basic computational ­ formulas for these q2-analogue functionsq
are given by:
LEMMA 2.
a ­ sin z ; q2 s cos z ; q2 . 22 .  . .  .q
b ­ cos z ; q2 s ysin z ; q2 . 23 .  . .  .q
c ­ e z ; q2 s e z ; q2 . 24 .  . .  .q
 2 .Proof. cos z; q is an even function, so
k kkq1. 2 k y2 k` y1 q z q y 1 .
2­ cos z ; q s . q  /q ; q z . 2 kks0
k kkq1.y2 k 2 ky1` y1 q z .
2 ks 1 y q . q ; q . 2 kks1
k kky1. 2 ky1` y1 q z .
s  q ; q . 2 ky1ks1
mq 1 mmq1. 2 mq1` y1 q z .
s  q ; q . 2 mq1ms0
s ysin z ; q2 . .
 .  .  .  .Part a is proved similarly, and c follows from a and b using the
 .linearity of ­ and Lemma 1 e .q
3. A q2-ANALOGUE FOURIER TRANSFORM
w xWe will use the notation for q-integrals introduced by Jackson, cf. 4 ,
` `
n nf t d t s 1 y q f q q .  .  .H q
nsy`0
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and
``
n n nf t d t s 1 y q f q q f yq q . 4 .  .  .  .H q
y` nsy`
Set
``
p p pp n5 5 < < < <L d s f : f s f t d t s 1 y q f q .  .  . . p Hq q y` nsy`
< n < p nq f yq q - `4 . 5
for 1 - p - `, and set
` 5 5 < k <L d s f : f s sup f "q : k g Z - ` . 4 4 . . `q
The following properties can be verified by direct calculation.
`  .LEMMA 3. If H f t d t exists,y` q
 . `  .a f odd implies H f t d t s 0.y` q
 . `  . `  .b f e¨en implies H f t d t s 2H f t d t.y` q 0 q
 . `  s . `  . ysc s an integer implies H f q t d t s H f t q d t.y` q y` q
 .  .We will also use the following lemma. Let F* t ' sgn tF t .
`  .  .  . `  .  .  .LEMMA 4. If H ­ f * t g t d t exists, H ­ f * t g t d t sy` q q y` q q
`  . .  .y1H f t ­ g * t d t.y` q q
Proof. The verification of this results is a tedious calculation using the
definitions of the q-integral given above and of ­ . We will give a typicalq
term:
` n n n ` `q f q q g q .  .
nq1 n k ky1s f q g q s f q g q . .  .  .  nqnsy` nsy` ksy`
` k k ky1q f q g q .  .
s . kqksy`
 .  z . .We will need the q-Gamma function defined by G ' q; q r q ; qq ` `
 .1yz . w x  .  . w x1 y q , cf. 4 . Note that lim G z s G z , see 9 .q ­1 q
Define the q2-analogue Fourier Transform to be
1r2
`1 q q .
2 2Ãf x ; q ' f t e yi 1 y q tx ; q d t . 25 .  .  . .  .H q
22G 1r2 . y`q
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  . 2 mIf we impose the condition that q be in q g 0, 1 : 1 y q s q for
4some integer m and if we let q­1 under this side condition, we obtain,
formally, the classical Fourier Transform on the line. See also the com-
.ment after the next lemma. Therefore, in the remainder of this paper, we
assume that
q g q g 0, 1 : 1 y q s q2 m for some integer m . 26 4 .  .
It should be noted that if we disregard the limit as q­1, we can formulate
a definition of the Fourier Transform which will satisfy all the correspond-
 . .ing versions of the results discussed below for all q g 0, 1 .
For convenience, set
1r21 q q .
C s . 27 .
22G 1r2 .q
<   . k 2 . <If we show that e "i 1 y q q ; q is bounded for all integers k, then it
will follow immediately that the q2-Fourier Transform defines a bounded
1 . ` .linear operator from L d to L d . We turn to this taskq q
w xWe use the following results of Koornwinder and Swarttouw 10 :
 . < <LEMMA 5. a For z - 1 and n, m integers,
` 2z ; q .`kqn 2 nqkq1d s z f 0; z ; q , q .m n 1 1q ; q .`ksy`
z 2 ; q .`kqm 2 mqkq1= z f 0; z ; q , q , .1 1q ; q .`
where the sum con¨erges absolutely, and uniformly on compact subsets of the
open unit disk.
 . 2 .b For f g L d ,q
`
n n 2g q s 2C cos 1 y q tq ; q f t d t .  .  . .H q
0
implies
`
k k 2f q s 2C cos 1 y q sq ; q g s d s .  . .  .H q
0
or
`
n n 2g q s 2C sin 1 y q tq ; q f t d t .  .  . .H q
0
implies
`
k k 2f q s 2C sin 1 y q sq ; q g s d s. .  . .  .H q
0
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A study of the convergence as q­1 of the cosine transform defined in
 . w xpart b of this lemma can be found in 3 .
We obtain some useful inequalities by combining this result with the
w xfollowing classical equalities of Rogers and Ramanujan 1, p. 8 ,
` kkq1.q 1
s , 28 .  nq ; q 1 y q .  .ngCI2 kks0
  .  .  .4where CI ' n g Z : n G 1, n / 0 mod10 ," 1 mod10 ," 8 mod20 and
` kkq1.q 1
s , 29 .  nq ; q 1 y q .  .ngSI2 kq1ks0
  .  .  .4where SI ' n g Z : n G 1, n / 0 mod10 , " 3 mod10 ," 4 mod20 .
 . 2 .  . 2 . <   . 2 . <LEMMA 6. cos 1 y q x; q , sin 1 y q x: q , and e i 1 y q x; q
 k 4are all bounded for x g "q : k is an integer . In fact
1
2< <cos 1 y q x ; q F 1 q q and .  . .  n1 y q .ngCI
1
2< <sin 1 y q x ; q F . . .  n1 y q .ngSI
2  .Proof. Letting m s n and replacing q by q in part a of Lemma 5
gives
22 2` z ; q .`2kqn. 2 2 2nqkq1.1 s z f 0; z ; q , q . 30 . . 1 12 2q ; q .`ksy`
1r2  .Taking z s "q , n s 0 in 30 shows that
22 2q ; q .2 `k 2 k 2 k 2 2kq1.q cos q ; q s q f 0; q ; q , q F 31 . .  .1 1 2q ; q .`
3r2  .for all integers k, 0 - q - 1. Alternately, taking z s q , n s 0 in 30
gives that
2 23 2 2kq1. 2 2f 0; q ; q , q q ; q .  .1 1 `k 2 k 2 3kq sin q ; q s q F 32 . . 21 y q q ; q .`
1r2  2 .for all integers k, 0 - q - 1. This shows that x cos x; q and
1r2  2 .  k 4  2 .x sin x; q are bounded for x g q : k is an integer . Thus cos x; q is
 k 4bounded for x g q : k is a non-positive integer .
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< <  .Now for z F 1, using the expansion 5 we get
` kkq1.q 1
2< <sin z ; q F s . 33 . .   nq ; q 1 y q .  .ngSI2 kq1ks0
 .The last equality follows from 29 . Moreover the fact that 0 - q - 1
 2 2 . `  10 ny 8 . 10 ny 4 . 10 n.implies that q ; q F  1 y q 1 y q 1 y q` ns 1
 20 ny16. 10 ny2 . `  10 ny7. 10 ny3. 10 n.1 y q 1 y q F  1 y q 1 y q 1 y q 1 yns1
20 ny16. 20 ny4.  2 .  .q 1 y q and q; q G q; q . Combining these inequalities,` `
q2 ; q2 1 .` F . n2 1 y qq ; q  . . ngSI`
 .  .This, combined with 32 and 33 gives
1
k 2< <sin q ; q F for k an integer. 34 . .  n1 y q .ngSI
 .A similar argument using 28 shows
1
k 2< <cos q ; q F 1 q q , for k an integer. 35 .  . .  n1 y q .ngCI
 2 .Finally, using the evenness of cos x; q , we see that it is also bounded
 k 4with the same bound for x g "q : k is an integer . Applying condition
 .  . 2 .26 , we see that cos 1 y q x; q is bounded with the above bound for
 k 4  . 2 .x g "q : k is an integer . A similar argument shows that sin 1 y q x; q
 k 4is bounded for x g "q : k is an integer . Finally, combining the above,
<   . 2 . < 2 2 . 2 . 2 . 2 .we see that e i 1 y q x; q s cos 1 y q x; q q sin 1 y q x; q
is bounded on the same set.
At this point, even though we do not have a simple addition formula for
 2 . 2e z; q , we can establish several q -analogue Fourier transform results
using essentially standard arguments. For example, it is easy to show:
1 .COROLLARY 1. If f , g g L d , thenq
Ã 1 ` .  .  .a f is a bounded linear operator from L d to L d .q q
` Ã 2 ` 2 .  .  .  .  .b H f t; q g t d t s H f t g t; q d t.Ãy` q y` q
n ys Ã .  .  .  .  .ys sc For s an integer, f x s q f x .q q
1 Ã 2 n .  .  .  .   .  ..  .d If uf u g L d , ­ f x; q s yi 1 y q uf u x .q q
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 .A complement to part d of the above corollary is:
 . 1 .  . n 2 .  .y1 y1COROLLARY 2. If ­ f * g L d : ­ f * x: q s yi 1 y q =q q q
 .n 2 .f * x; q .
Proof. The formula follows by expanding the left-hand side using the
definition of the analogue Fourier transform and then applying Lemma 4
and using Lemmas 1e, 2, and 6.
We turn to the L2 theory of the q2-analogue Fourier Transform.
 1 2 . . 2 .  .L l L d is dense in L d . Consider functions with finite support.q q
Since the q2-analogue Fourier Transform is defined and bounded on
 1 2 . .L l L d for such functions, it defines a bounded extension to all ofq
 .L d . We can use Lemmas 3 and 5 to prove an inversion theorem.2 q
1 2 n ` Ã 2 . .  .  .  THEOREM 1. f g L l L d implies f q s CH f t; q e i 1 yq y`
. n 2 .q tq ; q d t.q
 .Proof. We begin by rewriting the transform pair of Lemma 3 b as
` `
n 2 n 2f q s 2C 2C cos 1 y q ts ; q f t d t cos 1 y q sq ; q d s .  .  .  . .  .H H q q
0 0
36 .
` `
n 2 n 2f q s 2C 2C sin 1 y q ts ; q f t d t sin 1 y q sq ; q d s. .  .  .  . .  .H H q q
0 0
37 .
As far as possible, we will apply a standard strategy to derive Fourier
Inversion. Namely, write f s f q f with f even and f odd. Usinge¨ o d e¨ o d
 .  .  .36 and then Lemma 3 b and a we get
` `
n 2 n 2 2f q s 4C cos 1 y q tq ; q f s cos 1 y q st ; q d sd t .  .  .  . .  .H He¨ e¨ q q
0 0
` `
2 n 2 2s 2C cos 1 y q tq ; q f s cos 1 y q st ; q d sd t .  .  . .  .H H e¨ q q
0 y`
` `
2 n 2 2s 2C cos 1 y q tq ; q f s cos 1 y q st ; q d sd t . .  .  . .  .H H q q
0 y`
Similarly, we get
` `
n 2 n 2 2f q s 2C sin 1 y q tq ; q f s sin 1 y q st ; q d sd t . .  .  .  . .  .H Ho d q q
0 y`
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Combining these expressions and using the evenness of the integrand in
the t-variable gives
f q n .
` `
2 n 2 2s 2C sin 1 y q tq ; q sin 1 y q st ; q .  .  .  .H H
0 y`
qcos 1 y q tq n cos 1 y q st ; q2 f s d sd t .  .  .4 .  . q q
` `
2 n 2 2s C sin 1 y q tq ; q sin 1 y q st ; q .  .  .  .H H
y` y`
qcos 1 y q tq n cos 1 y q st ; q2 f s d sd t . .  .  .4 .  . q q
 2 .  2 .  2 .Since e ix; q s cos x; q q i sin x; q , we see that
e i 1 y q x ; q2 e yi 1 y q y ; q2 .  . .  .
s cos 1 y q x ; q2 cos 1 y q y ; q2 .  . .  .
q sin 1 y q x ; q2 sin 1 y q y ; q2 .  . .  .
2 2q i sin 1 y q x ; q cos 1 y q y ; q .  . .  .
2 2ysin 1 y q y ; q cos 1 y q x ; q . .  . .  .
1 .Using Lemma 6 and the fact that f g L d , apply Fubini's Theorem toq
show that
` `
n 2 2sin 1 y q tq ; q cos 1 y q st ; q .  . .  .H H
y` y`
2 n 2ysin 1 y q st ; q cos 1 y q tq ; q d sd t .  . .  . q q
` `
n 2 2s sin 1 y q tq ; q cos 1 y q st ; q .  . .  .H H
y` y`
2 n 2ysin 1 y q st ; q cos 1 y q tq ; q d t f s d s. .  .  . .  . q q5
 .This last integral is zero by Lemma 3 a since the integrand of the
 n.t-integral is odd in t. Applying this to the above expression for f q yields
` `
n n 2 2f q s C C e i 1 y q tq ; q e yi 1 y q st ; q f s d sd t .  .  .  . .  .H H q q
y` y`
` `
n 2 2s C e i 1 y q tq ; q C e yi 1 y q st ; q f s d s d t .  .  . .  .H H q q 5
y` y`
`
n 2 2Ãs C e i 1 y q tq ; q f t ; q d t . .  . .H q
y`
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Now we can establish an analogue to the Plancherel Theorem. In what
k Ä 2 Ã 2 4  .  .follows assume x g "q : k is an integer . Define f x; q s f yx; q .
1 2 ÄÃ .  .  .Theorem 1 says that f g L l L implies f x s f x . Also, if f z is .
2 2 .  .the complex conjugate of f z , note that e ix ; q s e yix; q . Thus .
2 ` 2 2 1Ã Ã .   . . f yx; q s CH f t e i 1 y q tx; q d t s f x ; q . For f g L l .  .y` q
2 `. .  .  .L d , say, with finite support, using Corollary 1 b , H f t f t d t .q y` q&$ Ã` ` 2 ` 2 2Ã ÃÃ .  .  .  .  .s H f t f t d t s H f t f yt; q d t s H f t; q f yt; q d t s .y` q y` q y` q
` 2 2Ã Ã .H f t; q f t ; q d t. Since the functions with finite support are dense .y` q
2 .in L d , we getq
2 Ã 2 . 5 5 5  .5COROLLARY 3. f g L d implies f s f ?; q .2 2q
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